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PARABOLIC EQUATIONS WITH VMO COEFFICIENTS 
IN SPACES WITH MIXED NORMS 

N.V. KRYLOV 



Abstract. An Lg(Lp)-theory of divergence and non-divergence 
form parabolic equations is presented. The main coefficients are 
supposed to belong to the class VMOx, which, in particular, con- 
' tains all measurable functions depending only on t. The method of 

proving simplifies the methods previously used in the case p = q. 

< 

■ 1. Introduction 

Cg 

The goal of this article is to prove the solvability of parabolic second- 
order divergence and non-divergence type equations in Sobolev spaces 
with mixed norms. 

More precisely, we are dealing with two types of parabolic operators: 

Lu{t, x) = Ut{t, x) + a^^{t, x)uxixjit, x) + U{t, x)uxi(t, x) + c(t, x)u{t, x), 
Cu(t,x) = Ut(t,x) + [a^^{t,x)uxi{t,x) +y(t,x)u(t,x))^ 



\0 ■ 

• +b'^{t,x)u^x{t,x) + c{t,x)u(t,x) 

^ ■ acting on functions given on 



{{t,x) : t e M,x G W}, 

where M.'^ is a d— dimensional Euclidean space of points x = [x^, x'^). 
, ■ The interest in results concerning equations in spaces with mixed 

! Lq(Lp)-norms arises, in particular, when one wants to have better reg- 

I ularity of traces of solutions for each t while treating linear or nonlinear 

equations (see, for instance, [H] and (TE] for applications to the Navier- 
Stokes equations). 

Parabolic equations in Lq(Lp)-spaces have been investigated in many 
articles for at least forty years. The interested reader can find many 
references and discussions of methods and obtained results in [S], [HI, 
and |IS|. 
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However, it seems to the author that apart from ^31 (also see the 
references therein) in most other papers concerning Lq(Lp)-spaces the 
methods heavily depend on the properties of the elliptic part in L or 
£, which is supposed to be independent of t and have well behaving 
resolvent or generate a "good" semigroup. However, in ^ (also see 
references therein) there is a general theorem allowing one to treat the 
case when the coefficients are continuous in t. These restrictions ex- 
clude parabolic equations with coefficients measurable or even VMO 
in t (even if they are independent of x, the case considered in [T^). In 
particular, in |S| the authors only consider equations with VMO coef- 
ficients independent of time, although combining their results with jT] 
would include equations with coefficients continuous in t. By the way, 
in the particular case that q = p this also does not allow one to cover 
the results of where the coefficients are in VMO{M.'^^^). Speaking 
about the case g = p it is worth saying that there is a quite extensive 
literature about equations and systems with VMO coefficients. The 
interested reader can consult 0, H, 0, U\, 0, [HI, HE], Hi, ED], 
EH, El, E3], El' and the references therein. 

Our approach is based on a method from ^1] and further developed 
in ^T] and ^2], where everything hinges on a priori pointwise esti- 
mates of the sharp functions of the second-order spatial derivatives of 
solutions. This method allows one to avoid using generalizations of the 
Calderon-Zygmung theorem and the Coifman-Rochberg-Weis commu- 
tator theorem as is often done when VMO is involved (see, for instance, 

0, 0, 0, dl, CHI, [ini,Eni, EI1> E2> E3) Ell> and the references 
therein). However, it is worth noting that if p = q there is an ap- 
proach to the divergence type equation suggested in [3] and jl], which 
also does not use the above mentioned tools. The approach from the 
present article has been already used in a very interesting article CU] 
to prove the solvability in usual Sobolev spaces of parabohc equations 
with partially VMO coefficients when most of the coefficients are just 
measurable in time and one of space variables and VMO with respect 
to the others. 

In [14], in each small cylinder, the solution is split into two parts: a 
function, that is "harmonic" with respect to the operator with "frozen" 
coefficients, and the remainder. In order to do this decomposition 
one has to know that the corresponding boundary-value problems are 
solvable. This is not very convenient if one has in mind higher-order 
equations. 

It turns out that instead one can use splitting of the right-hand side 
of the equation and rely on solvability of equations in the whole space. 
This approach not only simplifies some proofs from jHj but also allows 
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one to make stronger main technical estimates (see Lemmas Kill and 
14.11) . which after being combined with an approach suggested in jTB] 
leads to Lg(Lp)-theory. Although, we are dealing only with the Cauchy 
problem for second-order operators, it seems that the new technique, 
which we develop here, is applicable to higher-order equations, systems, 
and boundary- value problems for elliptic and parabolic equations with 
VMO coefficients. 

We are assuming that the main coefficients are measurable in time 
and VMO in spatial variables and prove the solvability in Lg{Lp) 
spaces for L if q > p (Theorem 12.11) and for C without this restric- 
tion f Theorem 12. 3|) . Theorem 12.11 generalizes the corresponding result 
of [Hj to cover time-dependent coefficients. However, note that the re- 
sults in jH] are proved also for higher-order parabolic systems, arbitrary 
p, g e (1, oo), and Lp-spaces with Ap Muckenhoupt weights. 

The paper is organized as follows. In Section |21 we state our main re- 
sults. Theorem I2.1l and l2.3l are proved in Sections El and El respectively, 
on the basis of Lemmas 13.11 and 14.11 respectively, which are proved 
later. In Sections and [7\ we present our new approach to treating 
parabolic equations with VMO^ coefficients. The main results of these 
two sections are Theorems 15.11 (non-divergence equations) and 17.11 (di- 
vergence equations) about equations in usual Sobolev spaces without 
mixed norms. If one takes functions independent of t, these two theo- 
rems yield the basic estimates for elliptic equations. Finally, in Sections 
iniandlHlwe prove Lemmas 13.11 and respectively. 

The work on this article was stimulated by discussions during the 
author's stay at Centro di Ricerca Matematica Ennio De Giorgi, Scuola 
Normale Superiore di Pisa, and it is a great pleasure to bring my sincere 
gratitude to G. Da Prato and M. Giaquinta for the invitation and 
hospitality. 

We finish the section introducing some notation. Note that we also 
use without mentioning some common notation from PDEs. For 



Rs = (S, oo), R^+^ = Rcj X R'^, Lp = Lp(M'^+^), 
L,,p{{S,T)) = Lg{{S,T),Lp{R^)), Lg,p = L,,p(R), 
<p'(('5,T)) = {u : u,ut,u,,u,, e L,,p{{S,T))}, 



oo < S < T < oo 



1 < p, q < oo 



we set 
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';^{{S,T)) = \H\l,,MS,T)) + \\Ux\\L,,p{{a,b)) 
+ hxx\\L,,p{{S,T)) + \\Ut\\L,,MS,T))- 



By W^'^{{S, T)) we mean the subspace of Wq^p{Rs) consisting of func- 
tions u{t,x) vanishing for t > T. Finally, 

KpiiS^ T)) = (1 - ^y^'W^:^{{S, T)), Hi, = K,(R), 

kA(S,T)) = {l-^f''W];l{{S,T)), 
where A is the Laplacian in x variables. In the above notation we write 



p in place of q,p if q = p. For instance, T-Cp{{S,T)) = 7ipp{{S,T)). In 
particular, W^^^R^:^^) = W^'^Rs)- Finally, 

M;\{S,T)) = (1 - Ay/'Lp{{S,T) X R'), h;^ = m;\r). 

2. Main results 

We assume that the coefficients of L and C are measurable and by 
magnitude are dominated by a constant K < oo. We also assume that 
the matrices a — (a*^) are, perhaps, nonsymmetric and satisfy 

a'^yX^ > k|A|' (2.1) 

for all A G M'* and all possible values of arguments. Here k > is a 
fixed constant. 

To state our main assumption we set Br{x) to be the open ball in 
R'^ of radius r centered at x, B,. = 5^(0), Qr{t,x) = (t, t + r^) x Br{x), 
Qr = Qr(0, 0), B the collection of open balls in R'^, and Q the collection 
of g^(t,a;), {t,x) eR'^+^, r e (0,oo). Denote 

osc-r(a, (5r(^, 2;)) = r~^|Sr|~^ / / \a{s,y) — a{s, z)\dydzds, 

Jt Jy,z£Br{x) 

a^^'' — sup suposc^(a, a;)). 

(t,x)eRd+l r<R 

We assume that a G V MO^, that is 

hm^a*^^^ = 0. (2.2) 

For convenience of stating our results we take any increasing continuous 
function uj{R) on [0, oo), such that c<j(0) = and a^'^'' < uj{R) for all 
R e (0, oo). Obviously, a e VMOx if a depends only on t. 

Needless to say all equations below are understood in the sense of 
generalized functions. 



PARABOLIC EQUATIONS WITH VMO COEFFICIENTS 



5 



Now we fix T G (0, oo) and q,p & (1, oo), set 

fi(T) = (0,T) X R'^ 
and state our main results. 

Theorem 2.1. Let q > p. Then for any f G Lgp{{0,T)) there exists a 



unique u G iy^'p((0,T)) such that Lu = f in Q{T). Furthermore, there 
is a constant N, depending only on d, T, K, k, q,p, and the function 



oj, such that for any u G ^^^^^((O, T)) we have 

M\w]:l({o,T)) < N\\Lu\\l,m^,t)). (2.3) 

Remark 2.2. Tlieorem 12.11 is similar to some results from |T^ and jH] 
(also see the references therein). However, in both articles there is 
no restriction on p, q. On the other hand, in the coefficients are 
independent of x and in [Hj they are independent of t. As we have 
already pointed out in the Introduction, by relying on P, some results 
from can be extended to cover the case of coefficients continuous in 
t. 

Theorem 2.3. Let f = {f\ /^), g, f G L,,p((0, T)) for i = 1, d. 



Then there is a unique u G 7iq,p((0,T)) such that Lu = div/ + g in 
QiT). Furthermore, there is a constant N, depending only on d, T, K , 
K, q,p, and the function u, such that 

||«||l,,p({0,T)) + |kx||L,,p({0,T)) < A^(||/||l,,p({o,t)) + IklU^.pCCo.T))) • (2.4) 

Remark 2.4. As usual in such situations, from our proofs one can see 
that instead of the assumption that a G VMO^ we are, actually, using 
that there exists an i? G (0, oo) such that a*''^'' < e, where £ > is a 
constant depending only on d,p, k, K. 

Remark 2.5. Denote 

uq= f u{s,y)dyds, 
J Q 

the average value of a function u{s,y) over Q eQ and 

UB{t) = f u{t,y) dy 

J B 

the average value of a function u(t, y) over S G B. 

Also introduce A as the set oi dx d matrix-valued measurable func- 
tions a = a{t) depending only on t, satisfying conditions ()2.1|) and such 
that \a'^\ < K. 
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A standard fact to remember is that for any a G A 
osc Qr) < 2 -f \a{s, x) — a{s)\ dxds 

J Qr 

and for d{t) = as^it) 

\a{s, x) — a{s) \ dxds < osc^.(a, Qr). 

This allows one to give obvious equivalent definitions of VMOx- 

3. Proof of Theorem 12.11 

The following fact, which we prove in Section IHl is a considerable 
improvement of the key inequality from the proof of Theorem 3.6 of ^l4j . 
It goes without saying that the assumptions under which Theorem 12.11 
is stated are supposed to hold. 

Lemma 3.1. Let 6 = and c = 0. Then there exists a constant 
N = N{d,K,K,p,u) such that for any u G C^(R'^+^), v > 16, and 
r G (0, 1/z/] we have 

{\uxx - K...)Q.r)Q. < iVz/"+'A. + Niu-P + u''+^d'/^)B,r; (3.1) 
where 

^P = (l/nQp, Sp = (K.nQ„ a = a#(^), f = Lu. 

Corollary 3.2. Let b = and c = 0. Then there exists a constant N 
depending only on d,p, k, K , and uo, such that for any u G C^(]R'^"''"^), 
r > 0, and v >1&, satisfying ur < 1, we have 

\uxx{t, ■)IIlp(M'') - \\uxxis, ■)\\L^(^Rd)\P dtds (3.2) 



(0,r2) J (0,r2) 



<Niu'^ + u'^'d'/') f \\u.^it,-)\\l^^,)dt 

+Nu'^' I \\Lu{t,.)\\l^^^,^dt. 
Indeed, by the triangle inequality 

|||Mxz(t, ■)IIlp(IR'') - \\Uxx{s, ■)\\LpiU'i)\^ < \\Uxx{t, ") - Mxx(s, 

SO that the left-hand side of ()3.2|) is less than 



/:=-/- f I \ux^{t,x) - Uxx{s,x)\^ dxdtds 

(0,r2) J(0,r2) 



J J I Wxxit, 

i(0,r-2) J(0,r2) jRd 



X + y) — Uxx{s, X + y)\^ dxdtds, 
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where y is any point in W^. By taking the average of the extreme terms 
over y G B^. we see that 

1= J J if z) — Uxxi-s^ z)\^ dz^ dxdtds. (3.3) 

i(0,r2) i(0,r2) jRd J Br{x) 



Next, since 

\Uxxit,z) -Uxx{s,z)\^ < 2^'^\Uxx{t,z) - {Uxx)Qr{0,x)\^ 
+ 2P-'^\Uxx{s,z) - {Uxx)Qr(0,x)\^, 

we have that 

I <2F I {\uxx - {uxx)Qr{o,x)\^)Qr{o,x) dx. 

By Lemma (3. II apphed to shifted cyhnders the last expression is dom- 
inated by a constant times 



(^-^ + ^^^+2^1/2) / {\uxx\nQMO,x)dx + u'+' / {\Lu\^)Q^^^,^x)dx, 

which similarly to ()3.3|1 is shown to equal 



/ \\Lu{t,.)\\l^^,^dt 

J (0,i/2r2) 

and this yields (j3.2|) . 

To move further fix a m G C^(R'^^"'^) and set 

= / = Lu, ij{t) = ||/(t,-)||L, 

and for any locally integrable function r(s) on R denote by 

MtT{s) and r#W(s) 

the maximal and sharp functions of r, respectively. 

Lemma 3.3. Let G (0, cxd), b = 0, c = 0. Assume that the above 
u{t, x) = for t (0, Tq). Then for any u > 16 and R G (0, 1], we have 

+N{{uro/R)^-^/^ + + u'^''^^'^/^uj^/^''^\R))Ml'^{(tf), (3.4) 
where N = N{u!, d, k, K, p) . 
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Proof. Obviously, Corollary IH.2I in terms of the functions and ip 
yields 

/ / \(l){t) - (t){s)\P dtds < Nv^+^ -[ tpP{t)dt 

+N{u-P + u''+^uj'/\R)) -f (jf{t)dt 

if r < R/u (when af}^^ < a^^^ < uj{R) and ur < 1). This corollary 
allows shifting the origin. Therefore, for any a, /? G M such that a < (3 
and (3 — a = r"^ < R"^/ we have 



/ / - (\){s)\^dtds < Nu'^+^ / i;P{t) dt 

J (a.0) J (a.S) J (a.a+u'2(g-a)) 

J {a,c 



{a,f3) J {a,l3) J {a,a+u'^{l3-a)) 

+N{iy-P + u''+W^''{R)) -/- (lf{t)dt. 



Take a point to ^ and a and (3 as above and such that to ^ {o^^P)- 
Then to £ (a, a + z/^(/9 — a)) and by definition 

r{t) dt<Mt{r){to), 



f 

J (a 



r{t)dt<Mt{r){to)- 

(a,a+u^ {f3—a)) 

By applying Holder's inequality we conclude that 

/ / \^{t) ~ 4>{s)\dtds (3.5) 

is dominated by the value at to of the right-hand side of ()3.4j) . whenever 
to G (a, (3) and 13 -a < R^/u'^. However, if (3 - a > i?V^^^ then 
is dominated by 



J(o,,2)0 dt < 2 ( / /(o.,2) dt) ( / 0^ dt) ' 



,1/P 

<y;' tit I 

'(q,/3) ■ ■ ^(q,/3) ■ ■ • J(q,/3) 

< 2(roV(/5 - a))i-i/PM,^/^(0^)(to) < 2{ur,/ Rf"^/^Mll\<pn{to). 

In this case ()3.5|) is again less than the value at to of the right-hand 
side of (j3.4|) . By taking the supremum of (|3.5|) over all a < /5 such 
that to G (a,/3) we obtain (|3.4|) at to. Since to is arbitrary, the lemma 
is proved. 

Lemma 3.4. There exists a constant N depending only on p, q, d, k, K, 
and the function oj, such that for any u G C^(]R^^^), 

||mxx|U,,p + ||Mti|L,,p < N{\\Lu\\l,^^^ + + (3.6) 
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Proof. Notice that we included ||Mi'||Lq,p and ||m||l,,p on the right. 
Therefore, while proving (j3.6|) we may certainly assume that b = and 
c = 0. Since Ut = Lu — a'^^u^i^j, we only need to estimate u^^. U p = q 
so that Lgp = Lp, the result is known from [T^ . 

In case g > p we fix a number tq and first assume that 

u{t,x) = for t^{0,rl). 

Then set f = Lu and also use other objects introduced before Lemma 
13.31 We raise both parts of (j3.4|) to the power q, integrate over R, and 
observe that since q/p > 1, hj the Hardy-Littlewood theorem we have 

Mf'mit)dt<N f ^^(t)rft = iv||/r 

Mf\ctf){t)dt<N\Ml^^^, 
We also use the Fefferman- Stein theorem and conclude that 



\Uxx\\Lq^p 



whenever z/ > 16 and i? < 1, where iVj are determined by p, g, /«, K 
and the function oj. We choose a large v = v{N2,d) and a small 
R = R{N2, d, q, u) so that 

After 1/ and i? have been fixed, we chose a small tq = To(iV2; c^, 9? so 
that 

N2{uro/Rf-^/' < 1/4. 

Then (13. 7p implies that 

for any u G C^(M'^+^) such that u{t, x) = if t ^ (0, r^). We thus have 
obtained ()3.6p even without the terms IImi^Hl^p and ^ on the right 

of dnsD. 

Now take a nonnegative C e C^{R) such that ((t) = if t ^ (0, rg) 
and 

/ C^(t)dt = i. 

Also take a -u G C^(]R'^"'"^) and observe that ()3.8p is also true if we shift 
the t axis. In particular, ()3.8|) is applicable to u{t, x)C(t — tQ). Then we 
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get 

/ Cit-to)\Mt,.)\\liR^)dt<N [ Cit-to)\\Luit,-)\\liR^)dt 

+N [ ic'(t-to)nk(t,-)iiV)c;t 

Upon integrating through with respect to to we come to ()3.6|) . The 
lemma is proved. 

On the basis of this lemma by repeating almost word for word the 
proof of Theorem 4.1 of [14j (or using the method of proving Theorem 
14.41 or Lemma [5. 9p we obtain the following result. 

Theorem 3.5. There are constants Aq and N, depending only on p, 
K , K, d, and uo, such that for any A > Aq and u G we have 

+ + \\uxx\\l^,p + WutWh,,^ < N\\{L - A)m||l,,p. 

Furthermore, for any A > Aq and f G Lq^p there exists a unique 
u G W^j^ such that {L - X)u = f. 

Finally, Theorem implies Theorem 12.11 in the same way as The- 
orem 4.1 of implies Theorem 2.1 of |14j . 

4. Proof of Theorem 12.31 

We start with the following result which will be proved in Section |S1 
and which is an improvement of the key estimate found in the proof of 
Theorem 5.3 of 14J. We work in the setting in which Theorem 12.31 is 
stated. 

Lemma 4.1. Let b = b = 0,c = 0, f = (/^, f^) G Lp^ioc- Then there 
exists a constant N = N{d, n,p, K,u) such that for any u G 'Hpi^^, 
V > 16, and r G (0, l/i/], such that Cu = div/ in Q^r, we have 

{\ux - MQ^nQr < Nu'^-^^A^r + N{u-P + u''+^a'/^)B,r, (4.1) 
where 

A = (l/nQp, i3, = (KnQ^, a = a#W. 
The following is proved in the same way as Corollarv 13.21 

Corollary 4.2. Let b = b = 0, c = 0, u e nl{{S,T)) for any finite 
S <T, Cu = div/, where f = {f\...,f'^) G Lp{{S,T) x R'^) for any 
finite S < T. Then there exists a constant N = N{d, K,p, K,uj) such 
that for any u > 16 and r G (0, 1/z/] we have 

t t \\\Uxit,-)\\Lp{Rd)- \Ms,-)\\Lp{R'i)\^dtds (4.2) 

J (0,r2) J (0,r2) 
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I \\fit^-)\\li^^)dt. 

After that in the same way as Lemma IH.4I is proved one derives its 
counterpart for divergence equations from Corollarv 14.21 

Lemma 4.3. Let q > p, u E 'H]^p, b = b = 0, c = 0, Cu = div/ 
with f G Lqp. Then there exists a constant N, depending only on 
q,p,d, K, K , and uj such that 

\ML,.,<Ni\\f\\L^^^ + \\u\\L,J. (4.3) 

Next we state and prove an analog of Lemma 5.5 of [T^ where q = p 
and u is supposed to have small support. 

Theorem 4.4. Let q > p, f = (/^...,/'^), f\g E L,,^, u E Hl^, 
X eR, and 

Cu — \u = div f + g. 

We assert that there exist constants Aq, E (0, oo), depending only on 
p, q, d, K , K, and uj, such that 

+ v^lkxIU,., + A||w|U,,, < Ar(yA||/|U^^^ + II^^IU^J, (4.4) 

provided that A > Aq- 

Proof. We follow the same pattern as in the proof of Lemma 5.5 of 
[Hj. First, we observe that the terms {lfu)xi and li'Ur^i + cu in Lu can 
be included in div / and (7, respectively. This will introduce new terms 
in the right-hand side of (j4.4|) but on the account of perhaps increasing 
Ao they can be absorbed into the left-hand side of ()4.4|) . For this reason 
in the rest of the proof we may and will assume that 6 = 6 = 0, c = 0. 

In this case we use a method introduced by Agmon. Consider the 
space ]R''+^ = {(t, z) = {t, x,y) : t,y eR,x E M''} and the function 

u{t, z) = u{t, x)Ciy) cos(/iy), (4.5) 

where /i = and ( is an odd C^(]R) -function, C ^ 0. Also introduce 
the operator 

Cu(t, z) = C(t, x)u{t, z) + Uyy(t, z). (4.6) 

As in ^3] one checks that the coefficients of C are VMO^^-functions 
(with respect to {t^z)). 

Set /*(t, z) = pit, x)({y) cos{fiy) for i = 1, ...,d and 

/^+i(t, z) = git, x)Ciiy) - 2uit, x)C2iy) + w(t, x)Uy), 
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where 

/y ry 

C{s)cos{fis)ds, (3(7/)=/ (" {s) cosifis) ds 

-00 J —00 

/y 
C'{s) sin(/is) ds = -Civ) cos(/i?/) + (3(2/)- 
-00 

Observe that Q G C^(IR) since ( is odd and has compact support. 
Furthermore, as is easy to check, 

Cuit,z) = if\t,z)),^ + ... + if%z)),, + if''^\t,z))y. 

We denote by Lp the Lp space of functions of z = (x, y) (avoiding 
using a confusing notation Lp(]R'^"^^)) and by Lemma f4. 31 obtain 

Mtr)\\l dt<Nj2 I Writ.-Wi dt + N [ \\u{tr)\\l dt. (4.7) 
^ -^^ Jr ^ Jr ^ 

Since 

^0:= / \C{y)sm{fj,y)\Pdy, 61 := / \C{y) cos{^y)\P dy 

jR't jR't 

are bounded away from zero for /i > 1, we get for each t and /i > 1 
that 



\ux{tr)\\l (^d) = ^1 / \ux{t,x)C{y)cos{fiy)\Pdz <6^ \\u,{t,-)\\] 
■) WljRd) = ^cT V"^ / \uyit, z) - u{t, x)Ciy) cosifxy) \P dz 



<Nf,~^{\\Mt,-)\\l + Mt,.)\\l^ 



It follows that if fi is large enough, then 

l^^u{tr)\\l^^,^<N\\u^{t,.)\\l. 

Hence, by ()4.7|) for large /i 

f^'\H\l, + \Ml^<Nj2 I lir(^>-)lll dt + N I \\u{t,-)\\l dt. 

JR ^ JR ^' 

(4.8) 

Now we estimate the right-hand side of ()4.8j) . Obviously, 

\\f%M,<mf%-)\\i,iR^y ^ = i,...,rf, 

ll4v)ll|^<iVh(t,.)lll^(,., 

Furthermore, 

/y 
C'{s) sin(/is) ds], 
-00 
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which shows that (i equals times a uniformly bounded function 
with support not wider than that of (. Hence, 



\\gCiit,-m <Nfx-^git, 



Also (2 and (3 are uniformly bounded with support not wider than that 
of (. Therefore, 

This and ()4.8p yield ()4.4|) without the term with Ut- To estimate this 
term it suffices to observe that 

(1 - A)-'/\t = -(1 - A)-'/'D,{a'^u,. - f) + (1 - Ar'/\Xu + g), 
so that, by the boundedness of (1 — A)^^^"^ and {l — A)^^^'^Dj, for each t 
11(1 - A)-'/\tit, OIIl.cm^) < NiWu^it, ^[^^(M^) + A||n(t, OIU.cm^) 

Upon raising both parts to the power q and integrating over t G M we 
get the required estimate of Ut- The theorem is proved. 
A simple argument in Section 6 of jT3] shows that 

+ Ml,,, + htWu-l and ||(1 - A)-^/^u\\^i,2 

define equivalent norms in Ti-^p. This argument also shows that, for 
each fixed A > 0, the right-hand side of ()4.4|) dominates 

l|div/ + ^||e~i 

and in turn one can find / and g so that div f + g = div f + g and the 
right-hand side of ()4.4|) is dominated by 



Ar||div/ + ^| 



Therefore, Theorem 14 . 41 implies assertion (i) for g > p in the following 
result. 

Theorem 4.5. There is a constant Xq depending only onp,q, d, k, K, 
and uj such that for any A > Aq 
(i) for any u G Ti^ p we have 

ll^llwi,, <iV(A,p,rf,/€,ir,^)||(/:-A)M|U-i; (4.9) 

(a) for any h G 11^^^ there exists a unique u G 'H}q p such that Cu — 
\u = h. 
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Proof. It is a classical result that for any A > and g G Lq^p there 



Am + ut — Xu = h with h = (1— A^^'^g. As g runs through Lg^p, h runs 
through M.~p by definition. 

Hence, the present theorem holds if Cu = Au + Uf. By what has 
been said before the theorem the a priori estimate ()4.9|) holds if q > p. 
Then by the method of continuity assertion (ii) also holds if q > p. 

The case 1 < g < p is considered in a standard way by duality 
owing to the fact that the formally adjoint operator to C has the same 
structure as C only with reversed time axis. The theorem is proved. 

Finally, Theorem 12.11 is derived from Theorem 14.51 in the same way 
as in similar situations in 

5. New approach to the Lp-theory for equations with 



In this section p G (1, oo) and A > unless exphcitly specified other- 
wise. 

Here we give a new proof of the following result from fTl], which is 
a simplified version of Lemma 13.11 

Theorem 5.1. There is a constant N, depending only on d,p,K, and 
K, such that for any u G Wpf^^, r G (0, oo), and z/ > 4 



In Theorem 15.11 is proved on the basis of solving boundary- value 
problems for parabolic equations. The proof we give later in the section 
is based on solvability of equations in the whole space and extends to 
more general operators and systems of equations without much effort. 
In particular, we will see that, once the solvability theory for opera- 
tors L is developed in Wp''^{M.'^~^^) for a p > 1, Theorem 15.11 becomes 
available and, according to simple arguments from jHj, the solvabil- 
ity theory in W^''^ with q > p for equations with VMOx coefficients 
becomes available as well. 

This fact has the following methodological implication. If p = 2 one 
can construct the solvability theory for L in P1/2^'^(M'^"'"^) by using the 
Fourier transform. Then by the above (or by what is done in Remark 
15.121 below), the solvability theory for L in Wp''^(R'^'^^) with p > 2 is 




VMO coefficients 



We take an a G A and set 



Lu(t,x) = a'^ (t)uxixj(t,x) +Ut(t,x). 
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available. By duality one gets it for p G (1, 2) as well and as has been 
pointed out, this is the only thing one needs to construct the solvability 
theory for operators with VMOx coefficients in Wp'"^ (M.'^'^'^) , p G (1, oo). 

As usual, for any multi-index a = (ai,...,^^), G {0,1,2,...}, we 
set 

Ou 

D°'u = D?^ ■ ... ■ D^u, DiU = u^i = TT-, |«| = «! + ... + ad- 

ax* 

Lemma 5.2. Take p G [l,C)o) and Nq G (0, oo) and assume that for 
any u G W'p'^(]Ro+^) we have 

II^*IIlp(m^+^) + ^ ^o{\\Lu\\^^^^d+i^ + ||n||^^(igd+i)). (5.2) 

Then for any < r < R < oo there exists a constant N, depending 
only on Nq, d,p, K, r, and R, such that for any u G W^p'^(Qr) we have 

ll«t|Up(Qr) + \Wxx\\Lp{Qr) < ^(ll^wlUp(Qfl) + \\Ux\\Lj,iQR) + II^IUp(Qfl))- 

(5.3) 

This is a trivial result, which is obtained by taking an appropriate 
cut-off function C, and applying (|5.2j) to uC,. 

Remark 5.3. With a little extra work (see the proof of Lemma 4.2 of 
|12j ) one shows that the term with Ux on the right in ()5.3j) can be 
dropped. 

Another general result we need is a parabolic analog of Poincare's 
inequality. It is proved in the same way as Lemma 3.2 of p[5^ (also see 
Lemma 4.2 of ^E])- We generalize Lemma [5.41 in Lemmas 16.21 and 16. II 

Lemma 5.4. Let p G [l,oo). Then there is a constant N = N{d,p) 
such that for any r G (0, oo) and u G C'j^jW^^'^) we have 



\ux{t,x)-{u,)Q^\Pdxdt<NrP iluxxl" + lutl") dxdt, (5.4) 

jQr 

\u(t,x) -uq^ - x\uxi)Q^^ dxdt 

<Nr^P [ duxxl" +\ut\'')dxdt. (5.5) 



Qr 



We need the following classical result (which can be obtained, for 
instance, along the lines discussed after Theorem 15. 

Theorem 5.5. There is a constant N = N{p,d, k, K) such that for 
any A > 0, T G [-oo, oo), and u G Wp''^{R^^) we have 

M\ALp{m.p'^) + II"^^IIlp(r^+1) + ^ N\\Lu - \u\\^^^^^d+ly 
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Furthermore, for any A > and f G Lp(Rjt ) there exists a unique 
u G Wl''^{R^^^) such that Lu + Ut - Xu = f. 

Remark 5.6. Owing to Theorem 15 .S^ the assertion of Lemma f5 . 21 holds 
with L in place of L. 

Remark 5.7. In the proof of Theorem l5.1l we will use the decomposition 
f := Lu — Xu = g + h, where roughly speaking g = flg^,., and accord- 
ingly have u = V + w, where v is defined by the equation Lv — Xv = h. 
The function v is "harmonic" in Q^r in the sense that h = there. 
Then the oscillation of w will be estimated by using Theorem 15.51 and 
that of V will be derived from what follows. Observe that since we solve 
the equation Lv — Xv = h in the whole space M'^"'"^ we need A > 0. 

Lemma 5.8. Take < r < R < oo and let m G {0,1,2,...}. Take 
a function u G Wp''^{Qii) and assume that Lu vanishes in Qr- Then 
for any multi-index a the derivatives D°'u and D°'ut are bounded in Qr 
and, with N = A^(|a;|, d, k, K, r, R,p), 



sup < N{\\u,\\L,iQ^) + MIlaQr)) =■ sup \D''ut\ < NI. 



Proof. Since the coefficients of L are independent of x we can mollify 
the function u with respect to x and have equation Lu = in slightly 
smaller domain than Qji for u being the mollified u. Then, if the 
result is true for u, we can pass to the limit as the support of the 
mollification kernel shrinks to the origin. It follows that without losing 
generality we may assume that D'^u G Wp'^{Qr) for any /3. Then, since 
Df^Ut = —a^Wf^Ur^i^j in Qr, we also have D^ut G W^p'^(<5_r) for any (3. 

By Remark 15.61 applied to D^u, for each integer > and r < ri < 
r2 < -R we have 



Q 



Q 



(5.6) 



|/3|<fc+2 



\f3\<k+l 




By iterating the last relation we see that 



E Wd^'^Wlaqs,) < ^(ll«IUp(Q.,) + IKWlaqs,)) < NI, 



|/3|<fc+l 



whenever r < si < S2 < -R. Hence, 



\f3\<k m<k+2 
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Furthermore, obviously 

|A||/^M^,-)IU,(i..)l<ll^^«*(^>-)llMB.)- 

Therefore, for (j)^{t) := \\D^u{t, ■)\\L^(^Br) by embedding theorems we 
have 

sup 0^ < iV(||0^||i^(o,,2) + l|0f |U,(o,.2)) 

[0,r2] 

= NiWD^uU^^Q^) + WD^UthAQr)) < NI. 

Thus, 

sup \\D^u{t,-)\\LABr)<NI. 

By embedding theorems, if k is large enough, then 

sup \D"u{t,x)\ <nY, \\D^uit,-)\KiBr) 

and this leads to the first estimate in (j5.6j) . One gets the second one 
from the equation V^ut = —a^^D'^UxixJ- The lemma is proved. 

Below, for an integer m > 0, by D"^u{t,x) we mean the collection 
of all mth order derivatives of u with respect to x. In the set of these 
collection we define a Euclidean norm \D"^u{t,x)\. 

Lemma 5.9. Let m e {0, 1,2, ...}, X>0, andu E C^(]R^+i). Assume 
that Lu — Am vanishes in Q^- Then, with N = N{d,m, K,p, K) , 

max + {D'^Utf) <N [ {\u,,\p + \ut\P + X^^'^lu^H dxdt. 

JQ2 

(5.7) 

Proof. By Lemma [5.81 

I := m^ax {\D-u..\^ + \D-u,\^) < N{\Ml^^^^^^^ + 11^111^(^3^^)). 

If A = we can replace here u with v := u — Uq^ — x'^{Uxi)Q2 without 
violating the fact that Lu + Ut vanishes in Q2 or changing the left-hand 
side. Therefore, 

^<^(ll-^lll(Q.) + ll-lll(Q.))^ 
and using Lemma [5.41 yields the desired result. 

In the general case that A > we again use a method suggested by 
S. Agmon. Introduce the function u(t,z) = u(t,x,y) by 

u{t, z) = u{t, x) cos{\/Xy) 

and set 

4 = (0,0 X {\z\<r}. 
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Obviously, 

D^uUt, x) = D"'u,^{t, X, 0), D^utit, x) = D^u,{t, x, 0) 
Therefore, 

/ < max (iD^u^^l^ + \D"^utY). 
Qi 

However, 

Lu + Uyy = in Q2, 
so that we can apply the above result to u and conclude 



I <N [ {\u,,\P + \ut\'') dzdt. (5J 



Here the term Uzz is the collection consisting of 

Uxx cos{\/Xy) , — a/Am^ sin("\/A?/), and — Xucos{^/\y). 
This fact allows us to estimate the right-hand side of ()5.8|) and yields 

I<n[ {\u^^\p + \ut\P + X^^/^lu^l^ + y\u\P) dxdt. (5.9) 

This is all we need since A|m| = \Lu\ in Q2 and the term A^l^l^ can be 
absorbed in \uxx\^ + The lemma is proved. 

Now comes the estimate of v we were talking about in Remark 15.71 

Theorem 5.10. Let X > 0, u > 2, and r G (0, 00) be some constants. 
Let u G C^^{R'^~^^) be such that f := Lu — \u vanishes in Qur- Then 
there is a constant N = N{d, n, K,p) such that 

{\u,.{t,x) - {u,x)QAnQr < iv^^"^(iM..r + in^r + AP/v,.r)Q,,. (5.10) 

Proof. Notice that v{t,x) := u{tr'^,xr) satisfy 

{\Uxx{t,x) - (Mxx)Q.r)Q. = r-^^{\Vxx{t,x) - {Vxx)Q,nQi, 

{\uxx\^ + i^tr + A^/>.r)Q.,. = r~^nM + + x^^'rp\v,\nQ., 

and 

L(tr^)v(t, x) — r'^Xv{t, x) = r'^fitr^, xr) 

which vanishes in Q^. It follows that if (|5.1Up holds for r = 1, then it 
holds for any r > 0. 

Therefore, in the rest of the proof we assume that r = 1 and observe 
that the left-hand side of ()5.10|) with r = 1 is obviously less than a 
constant = N{d) times 

max(|M^^^|P + \ut XX \ J ■ 
Qi 
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Therefore, we need only prove that 



max I \Ur, 
Qi 



Observe that the function w(t,x) = uitv'^ /A,xu (2) satisfies 
L(tz/74)w(t, x) - w{t, x)z/^A/4 = 

in Q2 and 

{M+\Ut\'' + X'''^KV)Q^ 



raa.'x\uxxxf = (2/z^) ^ max\wxxx\^ < (2/^^) ^niax|m 



max Iwi^^l^ < (2/z/)^*'max Iw^xT- 
It follows that if is true with = 2, then 

max{\uxxx\^ + \utxx\^) < Nu~^P max{\wxxx\^ + \wtxx\^) 
Qi Qi 



< Nu-'Pilwxxl" + \wt\^ + (z/'A/4)P/>,r; 



Q2 



Finally, ()5.1ip with u = 2 is indeed true by Lemma and the theorem 
is proved. 

Remark 5.11. According to Theorem 17.41 applied to Ux in place of u, 
the term \ut\^ in ()5.10|1 can be dropped. 

Proof of Theorem 15.11 In Remark 15.71 we explained that we need 
A > to guarantee that certain equations have solutions. Therefore 
we take a A > 0, which in the end will be sent to 0. 

Fix r G (0, 00) and u > 4. We may certainly assume that a*-' are 
infinitely differentiable and have bounded derivatives. Also changing u 
for large \t\ + does not affect ()5.H) . Therefore, we may assume that 
u G W^p'^ and moreover u G C^(]R^^^). In that case define 

f = fx = Lu - Am. 

Observe that / G C^(M.'^+'^). Also take a C e Co°°(M'^+i) such that 
^ = 1 on Qur/2 and C = outside Q^r — Qur and set 

g = fC, h = f{l-C). 

Finally define v as the unique solution in Wp''^ of the equation 

Lv — Xv = h. 
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Since A > 0, by classical theory we know that such a v indeed exists 
and is unique and infinitely differentiable. Since /i = in Qur/2 and 
Z//2 > 2, by Theorem 15. 101 we obtain 

< iVz/-P(|t;..r + \vt\' + A^/>.r)Q,... (5.12) 
iction w := u - 

Lw — Xw = g 



On the other hand the function w := u — v E Wp''^ satisfies 



and by Theorem 15.51 

{\wt\P+MP + \P/^\w^ndxdt 



<N I \g\^dxdt<N f \f\Pdxdt, (5.13) 



w^JPdxdt < N I \ f\Pdxdt 



(kx..nQ,.<ivz.^+'(i/nQ... (5.14) 

By combining this with ()5.12|1 and observing that u = v ^ w and 

/ := i\Uxx - (Mxx)Q.r)Q, < 2^(1^^^ - {w^^)QX)Qr 

we get 

Here by (ICT^ 

(kx^r + k^r + y^>x\nQ.r < NumQ.,. 

and since z/ > 1 we conclude 

To get ()5.ip it only remains to use that Ut = f\ + Xu — a^^u^ixs and let 
A I 0. The theorem is proved. 
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Remark 5.12. Recall that for G Li^oc the sharp function 0* and the 
maximal function M(j) are defined by 

(j)*{t,x)= sup (|0-0q|)q, Mf{t,x)= sup 0Q. 

QeiQ:(t,2:)eQ Qe(Q:(t,3;)GQ 

In this notation Theorem 15.11 and Holder's inequality imply that on 
j^d+i have 

Then by using the Fefferman-Stein theorem we obtain for any q > p 

where the second inequality holds since ||M^/P0||i < A^||0-'^/^||i by 
the Hardy-Littlewood theorem. For u large enough we absorb the last 
term into the left-hand side and get 

< N\\Lu\\l^. (5.15) 

This and what is said after Theorem 15. II allow us to give one more 
proof of Theorem 15.51 

To summarize, after having proved Theorem 15.11 one can follow the 
same way as in [T^ and get the solvability of equations with VMO^ 
leading coefficients. 

In particular, we have the following result. 

Theorem 5.13. There are constants Xq and N, depending only on p, 
K, K, d, and uj, such that for any A > Aq and u G W^''^ we have 

-^IklUp + ^\\ux\\lj, + Ik^xlUp + WutWhp < N\\{L - \)u\\l^. (5.16) 

Furthermore, for any A > Aq and f E Lp there exists a unique 
u G Wp'"^ such that {L - X)u = f. 

Corollary 5.14. There is a constant Nq, depending only on p, K , k, 
d, and lu, such that for any u G ^^^'^(Mg''"^) we have 

\\^xx\\lp(ji1+^) + ^ ^o(||^m|Ilj,(r^+1) + II^IIlj,(r^+1))- (5-17) 

To prove this we first claim that (j5.16j) with Lp(Mq^^) in place of Lp 
holds for any u G iyp^'2«+^). 

Indeed, for such a u set f{t,x) = It>o{L — X)u(t,x), let v G Wp'"^ 
be any function on M'^"'"^ coinciding with u for t > 0, and set g = 
(L — X)v. Then find w G W^p'^ such that (L — X)w = f and observe 
that {L — X){v — w) = g — f vanishes for t > 0. One can solve the 
equation (L — A)0 = (? — / by the method of continuity starting from 
L = A + Dt, for which the solutions vanish for t > if the right-hand 
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side does that, and then one sees that v = w for t > 0. This means 
that u = w for t > 0. Since estimate (j5.16|) holds with w in place of u 
and / in place of (L — \)u, we get our claim. 

After that it suffices to take A = Aq and observe that 

\\LU - AoM||i^(Kd+i) < + Xo\\u\\^^^^d+iy 

6. Proof of Lemma EH] 

The program of proof is to use Theorem 15 . 1 1 but replace Lu in ()5.H) 
with Lu. The error term we estimate by using Holder's inequality and 
on the account of right choice of L come to ()3.1|) with 

{\Uxx\ ^)qp 

in place of Bp. Then the main issue is how to reduce power 2p back 
to p. It turns out that this is possible if u is "harmonic" in (see 
Corollary 16. 4|) . After that we use the same kind of decomposition of u 
as in Remark l5. 71 As in Lemma f3. II we assume that pG(l,oo),6 = 0, 
and c = 0. 

We need two versions of Lemma I^Til when the powers of summability 
on the right are less than on the left. Similar estimate is known even 
with u = 1 for the elliptic case as Poincare's inequality. 

Lemma 6.1. Let q > 1, u E {1, oo), 

i<^ + i (6.1) 

q d+2 p ^ ' 

Then there is a constant N = N{d,p, q, v) such that for any u G W^f^^ 
and r G (0, oo) we have 

(\u{t,x)-UQ^^-x\u,.)Qjn'i < NrWu^^l'^ + \utn]/l (6-2) 

Proof. First, observe that an argument based on self-similarity 
reduces the case of general r to the case that r = 1, the one we 
confine ourselves to. Then by obvious reasons we may assume that 
u G C^(M'^"'"^). Finally, if q > p, the result follows from Lemma 15.41 
and Holder's inequality. Therefore, we assume that q < p. 

Take an infinitely differentiable function ( on M'^"''^ such that ( = 1 
on Qi and C = on Mq^^ \ Q^, and set 

f = Au + Ut, V = C{u-uq^ - X'{U^^)QJ, 

so that 

Av+vt = Cf + iu-UQ^-x\u^^)QJ{AC + Ct) + '2Cx^iux^-iu^^)QJ =■ -g- 
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Since v G C^{R'^+'^), we have 
v(t,x)=l I g{t+s,x+y)p{s,y)dyds, p{s,y) = "^w/o g"'^'"''^'^'''- 

Here, if < t < 1, there is no need to integrate with respect to s 
beyond [0, z/^], since g{r, z) = for r > z/^. Therefore, upon denoting 

v{t,x) = \v{t,x)\Ite[o,i], 9is,y) = \g{s,y)\Is(.[o,u^], 

P{s,y) = p{s,y)Ise[o,u^], 

we find 

v{t,x) < / g{t + s, X + y)p{s,y) dxds 



g{t — s,x — y)p{—s, y) dxds. 
Now we apply Young's inequahty 

\\9*P\\l^ < II^IIlJIpIIl,, (6.3) 

where 

pq 



q-p + pq 

r > 1 since q < p, and p~^ + 1 = q^^ + r^^. Also 

rd<d + 2 (6.4) 

due to ()6.ip . Then we find 

II^^IILp(Qi) < II^^IUp < ||fi'||L,(Q„)|b||L,([0,i^2]xIRd). (6.5) 

Here by the definition of g and Lemma (5.41 (just in case, recall that 
in is allowed to depend on u) 

IklUgCQ,) < A^(I|Mxx||l,{Q,) + ||'«t|U,(Q,))- 

Furthermore, changing variables shows that the integral 

^-d/2^-H.f /(4*) 



is finite and independent of t > 0. Therefore, 

lbllL([0,4]xM.) = N A-^^/W f t-'l\-r\A^mAxdt 
Jo JR'i 







where the inequality holds since owing to ()6.4|) we have —rd/2 + d/2 > 
-1. 
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Thus, implies that 

II^^IIlp(Qi) < ^(l|Ma;a;||L,(Q,) + \\Ut\\ Lg{Q.)) 

and it only remains to observe that the left-hand side here coincides 
with the left-hand side of ()(i.2|l . The lemma is proved. 
Similar estimate holds for Ux — {ux)q^,.- 

Lemma 6.2. Let q > 1, u E {1, oo), 

-<^^ + -. (6.6) 
q d+2 p ^ ' 

Then there is a constant N = N{d,p, q, v) such that for any u G W^f^^ 
and r G (0, oo) we have 

(|«.(t,x) - {ux)QX)]i: < Nr{M + Mfil (6.7) 

Proof. As in the proof of Lemma 16.11 we may assume that r = 1 , 
g < and M G C^(M'^+^). Then, again take an infinitely differentiable 
function C on M'^+^ such that C = 1 on Qi and C = on M;J+^ \ Q^, and 
use the notation from the proof of Lemma 16.11 to obtain 



Vx{t,x)= / / g{t + s,x + y)py{s,y)dyds 

Jo JR-i 

Next, we use an elementary inequality 
where a, (3 > and = N{a, (3). Then by observing that 



we find 



which implies that 

\vx{t,x)\<N I I \g{t + s,x + y)\s~^l^p{s/2,y)dyds 



As before, if < t < 1, there is no need to integrate with respect to s 
beyond [0, z/^]. Therefore, upon denoting 

w{t,x) = |t;^.(t,x)|/je[o,i], gis,y) = \g{s,y)\Ise[o,u^], 

h{s,y) = s'^/^p(s/2,?/)/^g[o,i.2], 

we find 



w{t,x) < N 



/ g{t + s, X + y)h{s,y) dxds 
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= N g{t — s, X — y)h{—s,y) dxds. 

Now we apply with the same r, which also satisfies 

r{d+l)<d + 2 (6.8) 

due to ()6.6|) . Then we find 

WVxh^iQ^) < \\w\\lp < iV||^||L,(Q^)||/l||i,,([o,^2]xRd). (6.9) 

Here by the definition of g and Lemma [5.41 
Furthermore, 



- JV r f~r(d+l)/2+d/2 f .-d/2 -r\x\y{2t) > 

L^([o,4]xiR'') — ; r lie axai 

Jo JRd 

< CXO, 







where the inequality holds since owing to ()6.8|) we have —r{d + l)/2-\- 
d/2 > -1. 

Now it only remains to observe that the left-hand sides of (j6.9j) and 
(j6.7j) coincide. The lemma is proved. 



Lemma 6.3. Let r G (0, 1], z/ G (1, oo), and u G W^]^^. Set f := Lu. 
Then 



||mxx||lp(qo < +^ ^\MLpiQ,.,) + r ^\\u\\l,(q,,)), (6.10) 

where N depends only on u, d, K,p, k, and the function uj. 

Proof. Obviously we may concentrate on m G W;i'2«+^). By Corol- 
lary 15.141 the assumption of Lemma 15.21 is satisfied. Therefore, (j6.1U|) 
holds with r = 1. 

For r G (0, 1] and u G ^^^^'^(RjJ+i) introduce v{t, x) = u{r'^t,rx) and 
observe that 

Vt(t,x) + a^^ {t,x)vxixjit,x) + rb\rH,rx)vxi{t,x) 

+Pc{r'^t,rx)v{t,x) = r'^f{Pt,rx) =: g{t,x), (6-11) 

where d{t,x) = a{rH,rx). 

Furthermore, for any p > and t, x 

p^^l-Bpl / / \d{s,y) — d{s, z)\dyds 

Jt Jy,zeBp{x) 
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= {rp) '^\Brp\ I I \a{s,y) - a{s,z)\dyds. 

J r^t Jy,zGBrp(rx) 

Therefore, df^^'^ < uj{rp) < uj{p). Also \rb\ < K and r^|c| < K. It 
follows that the above result is applicable to (jfi.llj) and 

II^^xxIIlp(Qi) < N[\\g\\L^(Q.^) + lll^a-IUpCQa) + II^IUp(Q2))- 

Expressing all terms here by means of u and / leads to (jfj.lOj) . The 
lemma is proved. 

The following is a crucial point in proving Lemma [3. II 

Corollary 6.4. //r G (0, 1], g > 1, and u G W^^f^^ are such that that 
in Q2r we have Lu = 0, b = 0, and c = 0, then 

iKxin'i < iVi(k..|)Q.. < N,i\u,,n'^l (6.12) 
where Ni depends only on d,p, k, K , and the function uj. 

Proof. The second inequality in ()6.12|) follows from Holder's inequal- 
ity. It turns out that, to prove the first one, it suffices to prove that if 
()6.6p holds, g < p, z/ G (1, oo), and Lm = in Q^,., then 

{M)]i:<N{M)Z^ (6.13) 

where N = N{v,d,p,q,uj, n,K). Indeed, one can find a decreasing 
sequence qi G [l,p], i = 0, 1, ...,m, where m depends only on p and c?, 
such that go = P, Qm = 1, and q~^i < {d + 2)~^ + g~^. Then if (|6.13p is 
true under the additional assumptions, then the Lg. average norm of u^x 
is estimated by the Lg-^-^ average norm of Ur^r^ in an expanded domain 
of averaging. We can then iterate ()6.13|) going along the sequence g, 
and we can choose u = v{p) so close to 1, that during these finitely 
many steps the expanding domains would always be in Q2r and ()6.12|) 
would follow. 

Therefore, we concentrate on proving ()6.13|) assuming that ()6.6|) 
holds, q < p, E (1,cxd), and = in Q^r Since ()6.13|) only in- 
volves the values of u in Q^r, we may assume that u G W^''^. In that 
case introduce 

V = U- Uq^^ - x\u^,)q^,.. 

Since by assumption Lf = in Q^r and r < 1, by Lemma [6.31 we have 
\uxx\^ dxdt = / \vxx\^ dxdt < Nr^^ / \ux — {ux)q^^\^ dxdt 

+iVr-2p f \u~ uq^^ - x\u,^)qJp dxdt. (6.14) 
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By Lemmas 16.11 and 16.21 the right-hand side in ()6.14|1 is less than the 
p-th power of the right-hand side in (j6.13j) . The corollary is proved. 

Proof of Lemma 13. II According to Theorem 2.1 of there is a 
function v such that it belongs to Wp''^{W^~^^) for any S > — oo, satisfies 

Lv = flQ^^ (6.15) 

in M'^^-'^, and is such that v{t,x) = for t > 4 (observe that ur < 1). 
Furthermore, as usual, since flq^^ G Lq for any q G (l,oo), we have 
that V G W^'^R'p'^) for all q G (1, oo) and S. 
After that we set 

w = u — V 

and note for the future that w G W^f^^ for all g G (1, oo). 
Again by Theorem 2.1 of |l4j we have 

[ \v^^\Pdxdt <N [ \f\Pdxdt 

implying that 

{K.nQ.r < NA,r, {K.nQr < Nu^^^A.r- (6.16) 
Next, observe that 

and Lw = in Qy^ and z//4 > 4. 

Now we apply Theorem lS. ll with z//4 in place of Lw = Wt + a!'-'Wxixi 
and a G A. As an intermediate step we also use Holder's inequality 
and the fact that Lw = (a — aY^w^ixJ in Qvr to find that 



1/2 

5 



/ \Lw\Pdxdt <N{ -[ \wxx?P dxdtf'^ [ S \a-d\^P dxdt) 

where for for an appropriate d 

(/ \a - a\^'P dxdtf'^ < N { j \a - d\dxdty'^ < Na^''^ . 

Qvr (A Qvr (A 

Then we obtain 

(k..-(«^..)Q.r)Q. < Arz/-^(k..r)Q../, + iVz/'^+'ai/2[(|«;..r^)Q„J^/^ 

(6.17) 

Owing to (j6.16|) and the definition of w, 

+iV(|^^xxr)Q.. < + NA,r. (6.18) 
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Now we apply Corollary lfi.4l with 2p in place of p noting that the fact 
that Lw = in Qi,r allows us to do that. Then we see that 

We estimate the last term using ()6.18|) and then infer from ()6.17|) that 

To finish proving it only remains to combine this with and 
observe that 

The lemma is proved. 
7. New approach to the Lp-THEORY for divergence type 

EQUATIONS WITH VMO COEFFICIENTS 

Take an a G A and set 

Lu{t,x) = a^^ (t)uxixjit,x) + Ut{t,x). 

In this section we show how to use results on solvability of equations 
in the whole space and prove the following statement which is a weak 
version of Lemma l^!T] and for p = 2 is Lemma 5.2 of jl4| proved there by 
using the solvability of equations in cylinders. Throughout the section 
p G (1, oo) and A > unless explicitly specified otherwise. 

Theorem 7.1. Let u G Til,,,, f = {f',...,^), f G L^^ioc, 

r > 0. Assume that Lu = div/ in Q^r- Then there exists a constant 

N = N{d, K, K,p) such that 

{\ux - < Nu-^{\u.\^)^^^ + Nu'^'ilfl^)^^^. (7.1) 

Our strategy is very similar to what is done in Section El We need 
few auxiliary results. The first one is used also later in the proof of 
Corollary El 

Lemma 7.2. Let p G [1, oo), R G (0, oo), u G H^ i^^, 

f = if^^ ■■■1 f'^)i f\g^Lp^ioc, 

and Lu = div / + g in Qr. Then for a constant N = N{d,K,p) we 
have 

[ \u{t,x)-UQjdxdt<NW [ i\u^f+\f\P + RP\gf)dxdt. (7.2) 

Jqr JQr 



PARABOLIC EQUATIONS WITH VMO COEFFICIENTS 



29 



Proof. Denote by (j)^'^^ the convolution of e~'^~'^C,{e~'^t^e^'^x) with 
= (f){t,x), where ( G C^(M'^'^^) and ( integrates to one. Let L^^^ be 
the operator constructed from a^^\ Observe that the equation 

= div/" + /, (7.3) 

where 

holds in a somewhat smaller domain than Q^. If the assertion of the 
lemma were applicable to ()7.3j) and somewhat smaller domains, then, 

since u^^\ Ux \ and g'^ converge in Lp as e —> to u, Ux, /, and 
respectively, we would get ()7.2p . This argument convinces us that 
without losing generality we may assume that a, u, /, and g are infin- 
itely differentiable. In that case our assertion is known as is Lemma 
3.1 of Jl]. The lemma is proved. 

Lemma 7.3. Let m e {0,1,2,...} and u E C^{R'^+'^). Assume that 
Lu — Xu vanishes in Q2- Then 

max(|D"^M^|P+ < AT /" (|m^|p + A^'/^H c/xrft, (7.4) 

Jq2 

where N = N{d, m, k, K, p) . 

Proof. If A = 0, we obtain the estimate of \D"^Ux\ by applying ()5.6p 
with |a| > 1 to M — uq^ in place of u and using Lemma 17^ The 
estimate for D°'ut then follows from the equation Lu = in 

For general A we just inspect the proof of Lemma 15.91 and observe 
that it works in the present well. The lemma is proved. 

Here is a counterpart of Theorem I5.1UI which is proved in the same 
way. 

Theorem 7.4. Let X > 0, u > 2, and r G (0, oo) be some constants. 
Let u G C;'^(M'^"'"^) he such that Lu — Am vanishes in Q^r- Then there 
is a constant N = N{d, k, K,p) such that 

{\ux - {ux)Q^nQr < Nu-P{\ux\^ + A^/>r))Q,,. (7.5) 

Proof of Theorem 17.11 We follow the general scheme of proving 
Theorem 15.11 We may certainly assume that u and / have compact 
supports. Then as in the proof of Lemma 17.21 we may assume that 
a, u, f are infinitely differentiable. 

In that case take a A > 0, which in the future will be sent to 0, take 
a C E C^{W'-^^) such that C = 1 on Qur/2 — Qur/2 and C = outside 
Qm- — Qur and set 

5' = div(/C), h = Lu~g. 



30 N.V. KRYLOV 

Next, we define v,w\ and (j) as the unique solutions in Wp''^ of tlie 
equations 

Lv - Xv = h, Lw' - Xw' = fX, Lcj)- Xcj) = -Xu. 

Since A > 0, by classical theory we know that such v,w,(f) indeed exist, 
are unique, and infinitely differentiable. 

Since h = in Qur/2 and v/2 > 2, by Theorem 17.41 we obtain 

< Nu-%\v,f + X^/'\vnQ.r- (7.6) 

Furthermore, 

In particular, for ip := divw we have 

/" \'ip\Pdxdt+ f \ij^\Pdxdt<N f \f\Pdxdt. 

m'+x^/'mQr<Ni^''-'i\fnQ..- (7.7) 

Also, 

+ A^/vr)Q.. < ^A"^'^''"i«r^,(M;5+i)- (7-8) 

Finally, we claim that 

u = V + ip + (j) =: u. 

Indeed, owing to the additional assumptions on /, for any multi- index 
a we have D^'w G Wp'^. Hence, u G Wp'^. Upon observing that 

Lu — Xu = h + div {fO — Xu = Lu — Xu 

and using uniqueness we get that u = u, indeed. 

After that, by using ()7.6|) . ()7.7|1 . and ()7.8|1 . we can dominate the 
left-hand side of fl7. Ij) by a constant times 

+Nu'+\\fr)Q.^ + NX^^'r-'^-'\\u\\l^^^,,,^, 
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where 

< N{\u^\^ + x^/'\u\nQ.r + mf\nQ.r + NX'^'r-'^-'hr,^^^,,,^. 

Thus, the left-hand side of (|7.1|) is less than 

and to obtain (|7.ip it only remains to let A | 0. The theorem is proved. 

Now we can repeat what is said in jl4j and get the solvability of 
equations involving C in Tip. In particular, we have the following result. 
Recall that Ms and M.p^{{S,T)) are introduced in Section [T] 

Theorem 7.5. Let S G [— cxo,cxo). Then there exists Aq, depending 
only on p, d, K, k, and uj, such that, for any u G Ti^iW^^'^) and A > Aq, 
we have 

+ II^^IIlp(r^+1) + ^ - A)M||jj-i(]g.^), (7.9) 

where N depends only on p,d, K, k,,uj, X. Furthermore, for each A > Aq 
and f G ^(R^) there is a unique u G Hp(M.s) such that {C — X)u = f . 



This is a version of Theorem 6.2 of J3]. There is only one difference. 
Theorem 6.2 of [131 stated with EI~-^ and Lp in place of -'^(]R5) and 
Lp(R.'p~^), respectively. Passing from the former spaces to the latter 
ones is performed as in ,11] on the basis of the fact that the a priori 
estimate ()7.9p allows one to solve the corresponding equations by the 
method of continuity (cf. Corollarv 15.14^ . 

8. Proof of Lemma I^TTl 

Although the way we proceed are similar to what is done in El the 
details are quite different and the main reason for that is that we cannot 
prove a natural counterpart of Lemma 16.31 

Lemma 8.1. Let r G (0,oo), q G and assume that 

q p a + 2 

Let C G C~(M^+^) be such that ( = 1 m Qr- Then for any function u 
such that u( G 7Yg(]Ro); '"^e have u G Lp{Qr) and 

\\u\\L,{Qr) < A^IKIIwi(Mo)> 

where N = N{r, d, p, q, C) . 
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Proof. Take a Aq which suits C = Dt + A in Theorem 17. 51 By 
definition uC = {1 - A^/^w, where w e W^''^{R^+^) and 

Wt + Aw- XqW =: G Lg(Mo+^). 

By applying to both parts (1 — A)^^"^ we see that 

h := A{uC) + {uQt - AoK = (1 - A)^/2<^. 

Observe that 

II^IIh-1(k„) = < = ^lkCllwj(Mo)- (8-2) 

Next, write 

h = dwf + g, g:={l-A)-'/'(l) = il-Ar% f := -g. 
and notice that 

+ II^IIl,(k^+1) ^ ^ll^lle-i(Ro)' (8-3) 

where N = N{d, q). 

Now define v and ti? as the unique solutions from ^^^^'^(IRq"'"^) of 

At> + Vt — Xqv = g, Aw + Wt — Xqw = f. 

Then we have u := v + divw G 7i^(Mo) since 

= (1 - A)i/'[(1 - A)-i/2^i]iy^i'2«+i) 

C (1 - A)^/2p^J'2(R;5+i). 

Furthermore, obviously Am + — Xqu = h. Since mC also satisfies this 
equation, by Theorem 17. 5t we have u = u(. In particular, u = v + divw 
in Qr- 

Finally, by classical results and ()8.3|) and ()8.2j) 

ll^^'^'llL,(<+i) + ll^t|lL,(M^+i) + ll^llL,(<+i) ^ ^ ^IKIIwJ(Mo)) 

lk^^llL,(<+i) + ll^tllL,(<+i) + lkllL,(<+i) ^ ^IKIIwi(Ko)- 

It only remains to notice that, owing to (jS.lj) . by Lemma II. 3. 3 of pH] 

The lemma is proved. 

To move further to equations in 7"^^ ^ spaces we need the following 
counterpart of Lemma 16.31 
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Lemma 8.2. Let r G (0,1], u G (l,oo), q G and assume fl8.1|l . 

Let u G H\i^^, f = (/\ ...,/"'), f\g G Lg^^oc and assume that Cu = 
div/ + g in Q^r- Then u G Lp{Qr) and 

r-\\unli^ < N(\f\' + r\9\' + M + r-'\unlil (8-4) 

where N = Niy, d, K,p, q, K). Furthermore, if, additionally, f G Lp^ioc, 
then Ux G Lp{Qr) and 

iW.n'i < N[{\fnZ + ir\9\' + M + r-\\un'cil] , (8.5) 
where N = N{v, d, k, p, q, K) . 

Proof. By self-similarity we may assume that r = 1 (cf. the proof 
of Lemma (6. 3|) . In that case take A = Aq which suits Theorem 17.51 for 
both p and q in place of p there. Also take a. C, E C^iW^"^) such that 
C = 1 on Qi and C = in R^^^ \ Q^. Observe that in ]Ro+^ we have 

/:«)-AnC = div(C/ + /)+^, (8.6) 

where 

P = ua'K.^. 9 = C9- fX.' + u[Ct + (fe* + b%,. - AC] + a^'u^^O. 

Since the EI~^(]Ro)-iiorm of the right-hand side of (|8.6|) is less than a 
constant times the right-hand side of ()8.4|) we get ()8.4|) (with r = 1) 
by Theorem 17.51 and Lemma 18.11 Below we are going to use a trivial 
extension of this result that ()8.4|) also holds with Q^/ in place of Qi, 
where u' = [1 + i')/2. We will also assume that C = in M[(+^ \Q^/. 

To prove (j8.5j) we want to apply Theorem 17.51 again to (j8.6j) . By the 
above the Lp (]RQ^^)-norm oi Cf + f is under control. To deal with g we 
define v as the unique '^(Mq^^) solution of At> + Vt — \v = g. Notice 
that, as in the proof of Lemma (8. 11 

where Ir is the content of the brackets on the right in ()8.5|) . Further- 
more, w = u( — V satisfies 

Cw-Xw = div (C/ + / + /) + g, (8.8) 

where 

/■?■ = ((J*-?' - a'^)vrc' - Vv, g = -Vv^r - cv. 

By the above the right-hand side of ()8.8p is in EIp-'^(Ro) with norm 
controlled by NIi. By Theorem l7.5l equation (j8.8p has a unique solution 
in ?ip(Mo) and, since w = uC, — v E 7-^^(Mo), this certainly implies that 
w enliRo). Also by Theorem 1731 
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which along with ()8.7j) leads to ()8.5j) . The lemma is proved. 

Corollary 8.3. Let r e (0,1], u e (l,oo), q G u G 7i^/„^, 

/ = [f^ , f^) , f\g G Lp^joc and assume that Cu = div f + g in Q^r- 
Then u,Ux G Lp{Qr) and 

r-\\u\nt+(\^^\')Q:<N{\mZ 

+Nr{\9\ntr + NiMfZ + Nr-\\u\'^)]/l (8.9) 
where N = N^u, d, k, p, q, K) . 

Indeed, if our p satisfies ()8.ip . then we have the result by Lemma 
18.21 If p is bigger, then we use Lemma f8. 21 with pi in place of p, where 
Pi is defined by q'^ — = (c? + 2)"^. Once we have the result for 
Pi, we take pi as new q and keep iterating as many times as needed, 
each time reducing by [d + 2)~^ until we reach first k such that 
Pl'-p-^<{d + 2)-\ 

Corollary 8.4. If r E (0, 1], g > 1, and u G Tig^oc ore such that that 
in Q2r we have Cu = 0, b = b = 0, and c = 0, then Ux G Lp(Qr) and 

where N depends only on d,p, q, K, n, and the function uj. 

For q>p equation ()8.1()j) is obvious. To prove it for g < p it suffices 
to apply ()8.9j) to f = m — mq^,. in place of m, observe that £t; = in 
Q2r 1 and finally use Lemma 17.21 with L = A -\- Dt for which 

Lu = {{6'^ - a'^)ux^)xJ- 

Proof of Lemma 14.11 We may certainly assume that u G Tip. 
According to Theorem 2.4 of ^1], applied to the domains (5*, 4) x 
for 5* < 4, on M°'+^ there is a function v such that it belongs to 'Hp(Ms) 
for any S, satisfies 

Cv = diy if Iq J (8.11) 

in R"'"''-'^, and is such that v{t,x) = for t > 4 (observe that ur < 1). 
After that we set 

w = u — V 

and note for the future that w G 'hOp^i^c- 



Again by Theorem 2.4 of [14j we have 

\vxY'dxdt <N I \f\Pdxdt 



L 



(0,4) xR'' 
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implying that 

{\v.\'')Q.r < NA,r, {\vA'')Qr < Nu^+'A,r. (8.12) 
Next, since Cw = in Qi^r and z/r/2 < 1, Corollary 18.41 implies that 
Wx e L2p{Qur/2) and 

^ N{\w^nQ.r- (8.13) 
Upon taking an a G A, setting L(j) = (pt + ^'^(pxir^i and noting that 
Lw = div /, = (a*-' - a''^)w^^, 
by Theorem 17. II we get 

where the last term by Holder's inequality and (|8.13|) is dominated by 
a constant times 

By using an appropriate choice of a we obtain 

Combining the above and observing that 

<N{\u.\')Q^^ + NA.r 
yield that the left-hand side of 1)4.11) is dominated by 

^(l^-r)^^ + Ni\w., - (w.)Q.r)Q. < iVz/'^+M,, + Nv-^[\u^\^)^^^ 

This is almost exactly what is asserted and the lemma is proved. 
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